We extended the usage of the expansion method based on Sine-Gordon equation to the two dimensional Fisher equation. The relation between the trigonometric and hyperbolic functions are derived from the Sine-Gordon equation defined in two space dimension. The complex-valued traveling wave solutions to the two dimensional Fisher and Nagumo equations are set in forms a finite series of multiplications of powers of sech(.) and tanh (.) functions.
Introduction
Since Fisher [1] defined the deterministic form of a stochastic model [2] in one dimension as v t + pv
where real p denotes linear diffusion coefficient and q is the rate of reproduction, various forms of reaction-diffusion equations have been described to explain different biological, physical or chemical phenomena. Fisher's equation (FE) defined in (1) describes spatial spread of an advantageous gene in a population living in a linear one dimensional habitat [1] [2] [3] . A more general form of the FE (2) was studied by Kolmogorov et al. at the same year [4] . A two-dimensional form of the same model is given in the form u t + pu x 1 x 1 + qu x 2 x 2 + ru(u − s) = 0 (2) where p, q diffusion coefficients in x 1 and x 2 directions, respectively, r and s are non zero parameters. Independent on its space dimension, a general form of the equation is also known as Kolmogorov-Petrovsky-Piskunov (KPP) or Fisher-KPP equation. In the two dimensional form of the FE, we have relaxed the coefficients p and q denoting diffusion in x 1 and x 2 dimensions, respectively, instead of defining the diffusion term ∆u where ∆ represents Laplace operator. General solution for a particular wave speed was determined in the case having Painlevé type solutions [5] . Some exact solutions to the FE were constructed in terms of powers of hyperbolic tangent functions [6] . Wave type solutions were found by using exp-function approach in [7] . Some more exact solutions in complex forms were suggested by the first integral method [8] . Kudryashov method was also implemented to the FE to generate some traveling wave type exact solutions in some rational function forms of exponential function series in both numerator and denominator [9] . The Nagumo Equation (NE) of the form
where p is the coefficient of diffusion, q and r real non-zero parameters [10, 11] . The constant solutions u = 1 and u = r to the NE (3) are stable and u = 0 is unstable for −1 ≤ r < 0. On the other hand, u = 0 and u = 1 both are stable while u = r is unstable in r ∈ [0, 1) [11] . Various techniques are implemented to the NE (3) to set the solutions. Exp-function [12, 13] , Cole-Hopf transformation [14] , direct method [15] , simple equation approach [16] , the method of first integral [17] are well known approaches to derive traveling single or multi wave solutions. Since the aim of this study does not examine the stability of constant solutions, r is relaxed by assuming only a non-zero constant. Different from classical approaches in literature, an expansion technique based on Sine-Gordon equation is constructed to find the traveling wave solutions to the 2D-Fisher's equation and the Nagumo equation. Before deriving the solutions, some preliminaries are given below.
Expansion Method based on Sine-Gordon Equation
Consider a general form of the Sine-Gordon equation in N dimension:
where u = u(x 1 , x 2 , . . . , x N , t). The traveling wave transform
reduces the SGE (4) to
where ν is the parameter of velocity of the traveling wave defined in the compatible traveling wave transform [18] . Some calculations reduces the previous equation to
whereC is constant of integration that is assumed zero in the study. The assumptions w(ξ) = U (ξ)/2 and unit m 2 /(a 2 (N − ν 2 )) leads the conversion of (7) to the form
Thus, (8) gives the following relations sin w(ξ) = 2ce
where c = 0 is integral constant.
The initial step
The compatible wave transform explained above reduces the governing PDE
3 to an ODEΩ (U, U , U , . . .) = 0 (12) with the transform variable ξ = a(
solves (12) . Then, the relations (9)- (10) changes the form of the solution in terms of w as
The determination of upper index Q requires the balancing procedure between the highest ordered nonlinear and the highest ordered derivative terms. Determining Q gives the degree of the finite power series solution in the form of multiplication of sin and cos functions. The predicted solution (14) is substituted into (12), the coefficients of powers of trigonometric functions are equated to zero. The resultant system of algebraic equations are solved for non zero a and ν with at least one of A Q or B Q is non zero. The next step is to set the solutions U (w) by using the relations between the determined parameters. Returning back to ξ changes the solutions to hyperbolic functions. In the final step, the solutions are expressed in the original variables x i , 1 ≤ i ≤ N and t.
Solutions to the Fisher Equation in two dimension
The traveling wave transform
reduces the two dimensional FE (2) to
where prime notation denotes the derivative order in ξ. The balancing procedure between U and U 2 gives Q = 2. Thus, the predicted solution should be of the form
with A (17) into (16) gives
Using the relation between cos (.) and sin (.) functions the number of coefficients is easily reduced. Equating each coefficient of powers of multiplication cos (.) and sin (.) functions in the resultant equation, the following system of equations are constructed:
Solving the system given above for a, ν, A 0 , A 1 , A 2 , B 1 and B 2 by considering A Table 1 . Using the relations between the parameters given in Table 1 , the solutions of two dimensional (2) are written in explicit forms:
All determined solutions to the two dimensional Fisher equation are of the forms of various powers of multiplications of sech (.) and tanh (.) functions. Moreover, most of the solutions are of complex-valued traveling wave forms that change their position as time proceeds. One should note that some of the solutions given hyperbolic function forms can be represented in trigonometric forms by choosing compatible parameters. In order to illustrate the complex-valued solutions, we chose a particular solution The one dimensional form of the traveling wave transform u(z, t) → U (ξ), ξ = a(z − νt), (z is used instead of x 1 only for simplicity) (21) reduces the Nagumo equation (3) to
where denotes derivative wrt ξ in classical meaning. Since the balance procedure between U and U 3 results Q = 1, the predicted solution to the Nagumo equation (3) is constructed in the form:
Substitution of the predicted solution (23) into (22) and some simplifications using basic trigonometric identities is followed by rearranging the coefficients of trigonometric expressions. Equating each coefficient to zero leads 
The solution of this algebraic system for a = 0, ν = 0, A 0 , A 1 and B 1 at least one of A 1 and B 1 are non zero tabulated in Table 2 . The solutions to the Nagumo equation are constructed in finite series form of tanh (.) and sech (.) functions.
Conclusion
The extension method based the Sine-Gordon equation is extended to multi dimension. Compatible traveling wave transforms are used to reduce the governing equations to some ODEs. The predicted solutions solving the resultant ODEs are substituted into the equations to determine the relations among the parameters. The homogeneous balancing procedure has a significant role on the shape of the solutions.
The complex-valued solutions to two dimensional Fisher and one dimensional Nagumo equations are explicitly expressed in finite series form in terms of multiplications of some hyperbolic functions with different powers. Some particular solutions of both equations are depicted to illustrate the motions. Both real and imaginary components are examined briefly in both cases.
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